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Combinatorics on words

example
alphabet A {0,1}
infinite word u = (u;)%, uj € A 011010...
factor w = UplUgy1 .- Ugyp—1 € A* 01, 11, 10

language of u is the set of its factors, denoted L(u)
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Reversal mapping and its fixed points

reversal mapping R

R(wowi ... wp) = Wy ... wawg
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Reversal mapping and its fixed points

reversal mapping R

R(wowi ... wp) = Wy ... wawg

palindrome w = R(w)

examples: 0,00,010,¢

Open questions

o
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Rauzy graphs (1/2)

Rauzy graph of order n € N
@ is a subgraph of n-dimensional De Bruijn graph;

@ represents factors of an infinite word up to the length n + 1.

6 /22



Introduction Words with finite palindromic defect More symmetries: G-palindromic defect Open questions
00®00 oo 00000000 o

Rauzy graphs (1/2)

Rauzy graph of order n € N
@ is a subgraph of n-dimensional De Bruijn graph;

@ represents factors of an infinite word up to the length n + 1.
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Rauzy graphs (1/2)

Rauzy graph of order n € N
@ is a subgraph of n-dimensional De Bruijn graph;

@ represents factors of an infinite word up to the length n + 1.

vertices = factors of length n

there is an edge e from w to v if e is a factor of length n+ 1 and
there exist letters a and b such that e = wa = bv

e =wa=bv
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Rauzy graphs (2/2)
Language of an infinite word 000100010001110001000100011 ...

Rauzy graph of order 3

0011
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0111 0010 ’\
1111 @

1110 Ol(b\,‘ 1000
T
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Rauzy graphs (2/2)
Language of an infinite word 000100010001110001000100011 ...

transformation of Rauzy graph to reduced Rauzy graph of order 3
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Rauzy graphs (2/2)
Language of an infinite word 000100010001110001000100011 ...

transformation of Rauzy graph to reduced Rauzy graph of order 3

0011
0111 0010 ‘ 0001
1111
111M 1000
1100
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Rauzy graphs (2/2)
Language of an infinite word 000100010001110001000100011 ...

reduced Rauzy graph of order 3

()
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More symmetries: G-palindromic defect
Rauzy graphs (2/2)

Language of an infinite word 000100010001110001000100011 ...
reduced Rauzy graph of order 3, the language is closed under R
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Rauzy graphs (2/2)
Language of an infinite word 000100010001110001000100011 ...

transformation of reduced to Rauzy graph of order 3
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Rauzy graphs (2/2)
Language of an infinite word 000100010001110001000100011 ...

transformation of reduced to Rauzy graph of order 3

/7
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Rauzy graphs (2/2)

Language of an infinite word 000100010001110001000100011 ...

@ {001,100}
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Rauzy graphs - applications

Rauzy graph of order n of £(u) can be used to determine:

@ factors up to the length n+1
e symmetries (palindromic complexity)
@ special / bispecial factors (factor complexity)

Open questions

o
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Rauzy graph of order n of £(u) can be used to determine:
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Rauzy graphs - applications

Rauzy graph of order n of £(u) can be used to determine:

@ factors up to the length n+1
e symmetries (palindromic complexity)
@ special / bispecial factors (factor complexity)

Return words cannot be determined.

Evolution of Rauzy graphs.
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Words with finite palindromic defect

By ',(u) we denote the super reduced Rauzy graph of order n of
an infinite word u.

Definition

We say that an infinite word u has finite palindromic defect (or is
almost rich/full) if £(u) is invariant under R and there exists

N € N such for each n > N the following holds

o if e is a loop in [',(u), then e represents palindrome;

o the graph obtained from I',(u) by removing loops is a tree.
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By ',(u) we denote the super reduced Rauzy graph of order n of
an infinite word u.

Definition

We say that an infinite word u has finite palindromic defect (or is
almost rich/full) if £(u) is invariant under R and there exists
N € N such for each n > N the following holds
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rich/full).
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Words with finite palindromic defect

By ',(u) we denote the super reduced Rauzy graph of order n of
an infinite word u.

Definition

We say that an infinite word u has finite palindromic defect (or is
almost rich/full) if £(u) is invariant under R and there exists
N € N such for each n > N the following holds

o if e is a loop in [',(u), then e represents palindrome;
o the graph obtained from I',(u) by removing loops is a tree.

If N =0, then we say that u has palindromic defect 0 (or is
rich/full).

Examples: episturmian words, words coding symmetric interval

exchange transformation, ...
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Characterizations of words with defect 0

For an infinite word u with language invariant under R the
following statements are equivalent:

1. u has palindromic defect 0;

2. the longest palindromic suffix of any factor w € L(u) is
unioccurrent in w;

3. any complete return word of any palindromic factor of u is
a palindrome;

4. for any factor w of u, every factor of u that contains w only as
its prefix and R(w) only as its suffix is a palindrome;

5. for each n the following equality holds
C(n+1)—C(n)+2="P(n)+P(n+1).

[Droubay et al. 2001, Glen et al. 2009, Bucci et al. 2009]
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©-palindromes

let © : A* — A* be an involutive antimorphism, i.e., ©2 = Id and
O(wv) = ©(v)O(w) for all w,v € A*
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©-palindromes

let © : A* — A* be an involutive antimorphism, i.e., ©2 = Id and
O(wv) = ©(v)O(w) for all w,v € A*

©-palindrome w = O(w)

[Kari et al.; Anne et al., 2005; de Luca et al., 2006; ...]
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©-palindromes

let © : A* — A* be an involutive antimorphism, i.e., ©2 = Id and
O(wv) = ©(v)O(w) for all w,v € A*

©-palindrome w = O(w)
[Kari et al.; Anne et al., 2005; de Luca et al., 2006; ...]
Example: Watson-Crick complementarity A< T,G + C

©-palindromes: AT, AATT, AGCT
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More symmetries

Let u be an infinite word over A.

Let G be a finite group consisting of morphisms and antimorphisms
over A such that £(u) is invariant under all elements of G.
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More symmetries

Let u be an infinite word over A.

Let G be a finite group consisting of morphisms and antimorphisms
over A such that £(u) is invariant under all elements of G.

In this context, invariance under R is the same as invariance under
all elements of the group {Id, R}.
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More symmetries

Let u be an infinite word over A.

Let G be a finite group consisting of morphisms and antimorphisms
over A such that £(u) is invariant under all elements of G.

In this context, invariance under R is the same as invariance under
all elements of the group {Id, R}.

[w] = {v(w) | v e G}
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Graph of symmetries of the Thue-Morse word

the Thue-Morse word is a fixed point of the morphism
0—01,1—10

0011

1011 0010
0101

0110 \_/ 1001

1010

1101 0100 I
1100
15 / 22
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Graph of symmetries of the Thue-Morse word

the Thue-Morse word is a fixed point of the morphism
0~ 01,1+ 10, its language is invariant under ¥ : 0 +— 1,1 — 0
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Graph of symmetries of the Thue-Morse word

the Thue-Morse word is a fixed point of the morphism
0~ 01,1+ 10, its language is invariant under ¥ : 0 — 1,1 — 0
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Graph of symmetries of the Thue-Morse word

the Thue-Morse word is a fixed point of the morphism
0~ 01,1+ 10, its language is invariant under ¥ : 0 — 1,1 — 0
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Graph of symmetries of the Thue-Morse word

the Thue-Morse word is a fixed point of the morphism
0—01,1—10

[0011]

O
C)

| [1011]
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Graph of symmetries - definition

The directed graph of symmetries of the word u of order n,
denoted is ?n(u), is the graph (V7?) such that

V ={[w] | w € L(u),|w| = n, w is special }

and an edge e € Ec L(u) starts in a vertex [w] and ends in a
vertex [v], if

o the prefix of e of length n belongs to [w],

e the suffix of e of length n belongs to [v],

@ ¢ has exactly two occurrences of special factors of length n.
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Graph of symmetries - definition

The directed graph of symmetries of the word u of order n,
denoted is ?n(u), is the graph (V,?) such that

V ={[w] | w € L(u),|w| = n, w is special }

and an edge e € Ec L(u) starts in a vertex [w] and ends in a
vertex [v], if

o the prefix of e of length n belongs to [w],

e the suffix of e of length n belongs to [v],

@ ¢ has exactly two occurrences of special factors of length n.

The graph of symmetries of the word u of order n, denoted

In(u), is the graph (V, E) with the same set of vertices as ?n(u)
and for any e € L(u) we have

[e] € E = ecE.
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Words having finite G-defect

Definition

Let G C AM(A*) be a finite group containing at least one
antimorphism. We say that an infinite word u has finite G-defect
(or almost G-rich) if £L(u) is invariant under all elements of G and
there exists N € N such that for each n > N the following holds:
o if [e] is a loop in [(u), then e is a ©-palindrome for some
involutive antimorphism © € G;

@ the graph obtained from I',(u) by removing loops is a tree.
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Words having finite G-defect

Definition

Let G C AM(A*) be a finite group containing at least one
antimorphism. We say that an infinite word u has finite G-defect
(or almost G-rich) if £L(u) is invariant under all elements of G and
there exists N € N such that for each n > N the following holds:

o if [e] is a loop in [(u), then e is a ©-palindrome for some
involutive antimorphism © € G;

@ the graph obtained from I',(u) by removing loops is a tree.

If N =0, we say that u has G-defect 0 (or G-rich).

The Thue-Morse word has {Id, R, ¥, RV }-defect 0.
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Characterizations of words with G-defect 0

As in the case of palindromic defect, such words are fully saturated
by generalized palindromes.

Theorem

Let u be an infinite word with language closed under all elements of
G. The following conditions are equivalent:

Q u has G-defect 0;
@ for all v € L(u) the G-longest palindromic suffix of v is

G-unioccurrent in v or the last letter of v is G-unioccurrent in
v;

© for all w € L(u) every complete G-return word of [w] is a
G-palindrome;

18 / 22
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Characterizations of words with finite G-defect

Let u be a uniformly recurrent infinite word with language closed
under all elements of G. The following conditions are equivalent:

@ u has finite G-defect;
Q@ there exists an integer N such that for all v € L(u), |v| > N,

the G-longest palindromic suffix of v is G-unioccurrent in v or
the last letter of v is G-unioccurrent in v;

© there exists an integer N such that for all w € L(u) of length
greater than N every complete G-return word of [w] is a
G-palindrome;

Q there exists an integer N such that

AC(n)+#G = Z (73@ +P@(n+1)> for all n > N;
0cG2
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G-defect and Coxeter groups

If there exists a word with finite G-defect, then G is a Coxeter
group.
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G-defect and Coxeter groups

If there exists a word with finite G-defect, then G is a Coxeter
group.

Every so-called generalized Thue-Morse word [Allouche et al., 2000]
has zero G-defect where G is isomorphic to a dihedral group.
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Given (finite Coxeter group) G, is there a G-rich word? =~
be constructed as a fixed point of a morphism?

Is an almost Gi-rich word related to a Gp-rich word if Gy is
isomorphic to Gp.

Conjecture: the G-defect of an aperiodic fixed point of a
primitive non-injective morphism 0 or +oo.

Given n, how many G-rich words of length n exist?
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Thank you for your attention.
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