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Abstract

Opticky nebo zvukovy signal je obecné funkce z podmnoziny R" do R. V pripadé
fotografie je definicni obor celd plocha scény a obor hodnot je jas v daném misté (pro
Cernobily obrazek). V pfipadé zvukového signalu je definicni obor Cas a obor hodnot je
amplituda. Pokud chceme signal prevést na digitalni data, nutné musime ztratit n&jakou
informaci, nebot konecny objem dat pojme pouze konecné mnozstvi hodnot.

Omezeni definiéniho oboru se provadi tzv. samplovanim, kdy se vezmou data pouze z
kone€ného poctu bodi, obvykle z mrizky. Omezeni oboru hodnot se provadi tzv.
kvantizaci, kdy z hodnoty napéti x na vystupu méficiho pfistroje vygenerujeme konecnou
posloupnost bitd (nul a jednicek), kterad predepsanym zplisobem reprezentuje danou
hodnotu napéti. Pravé kvantizaci se zabyva tento pfispévek.

Bézné se pouziva binarni kvantizace, kdy se postupné ¢tou jednotlivé bity binarniho
rozvoje x. Problém vsak je, ze jeden chybné preCteny bit nutné znamena chybny
vysledek. Toto se pokusime odstranit pouzitim soustavy o zikladu zlaty fez 7 ~ 1.618,
ktery Fesi rovnici 72 = 7 + 1. S (spé&chem vyuZijeme nékolika jeho vlastnosti: zminéna
rovnice ma koeficienty pouze 0 a £1; plati 1 < 7 < 2; soustava o zakladu 7 je
redundantni (Cisla maji vice vyjadrent).
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Motivation

o Signal: function f : (R") — (R)
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Motivation

o Signal: function f : (R") — (R)
o Sampling: restriction f : M" — (R), where M € N

o Quantization: restriction f : M" s finite set
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Encoder

Definition

A/D Encoder is a device that takes a signal (voltage) and gives its (some)
representation.
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Encoder

Definition
A/D Encoder is a device that takes a signal (voltage) and gives its (some)
representation.

Theory:
Encoder : RT — AN

Reality:
Encoder : X = interval — AN
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Technology

u +a uta " E4+ ——susy
constant adder pair adder/subtractor
u ——D—’ ku : >——’ uv
constant multiplier pair multiplier
u
u T| 4, (u) u é u
binary quantizer replicator
1 u>7
g-(u) ==
0 u<r
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Technology

u +a uta " -§+ S
constant adder pair adder/subtractor
u ——D—’ ku : >——’ uv
constant multiplier pair multiplier
u
u T| 4, (u) u é u
binary quantizer replicator
L uzT
g-(u) ==
0 u=<r

Reality: no this component is accurate
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Common Encoders

Binary encoder

N'TOOZ“”

+ Exponential accuracy, error = O (27V)

— Not robust (with respect to parameters)
Recursive process:

x€X=10,2); wp:=x;

by = q(un);  unt1:=2(up — by);
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Common Encoders

Y A-encoder

X:N'Tlo/vzb

+ Robust (with respect to multiplication / quantization errors)
— Low accuracy, error = O (1/N)

Recursive process:

x € X=10,1); wup € (0,1) arbitrary;
by = q(”n+X); Upy1 = up +x — bp;
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GRE — Golden ratio encoder

Golden ratio encoder: Golden mean ¢ = % satisfies ¢° = ¢ + 1

N
x = lim > byo"
k=0

N—oo

+ Robust (with respect to multiplication / quantization errors)
+ Exponential accuracy: error = O (¢~ ")
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GRE — Golden ratio encoder

Golden ratio encoder: Golden mean ¢ = % satisfies ¢° = ¢ + 1

N
x = lim > byo"
k=0

N—oo
+ Robust (with respect to multiplication / quantization errors)
+ Exponential accuracy: error = O (¢~ ")

Recursive process:
x € X=10,2);

up :=x, u:=0;
Unt2 i= Upy1 + Up — bp;
b = Q(un, tn+1), Q: R > A= {0,1}.

. Un Uny1| 0 1 Un 0
o ) ) e
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GRE — Golden ratio encoder

x € X =10,2); up :=x, u:=0;

Upt2 = Upy1 + Up + bn;  bp = Q(Un» Un+1)

Proposition
Let x € [0,2) and define b, and u, as above. Then

X = i b,p~"
n=0

if and only if the seqence (up) is bounded.
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GRE — Golden ratio encoder

x € X =10,2); up :=x, u:=0;

Upt2 = Upy1 + Up + bn;  bp = Q(Un» Un+1)

Proposition
Let x € [0,2) and define b, and u, as above. Then

X = i b,p~"
n=0

if and only if the seqence (up) is bounded.

What properties we needed for the proof?
o [3 satisfies 39 = ag_13971 + .- + a1 + agp with a; € {—1,0,1}
o Be(1,2)
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Parameter «:
Qa(Un, Unt1) == q(un + atint1)



Quantizer @
Parameter «:

Qa(un, unt1) == q(up + ny1)
Choice o = 1: no multipliers

Proposition
Let Tg, as above and Rg, := [0,1]%. Then Tg,(Rg,) = Ro,-
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Quantizer @

Parameter «:
Qa(un, un+1) = q(uUn + in41)
Choice o = 1: no multipliers
Proposition
Let Tq, as above and Rq, := [0,1]%. Then Tqo,(Rq,) = Rq,-

Accuracy of multiplier: “a # o

Accuracy of quantizer: flaky bit-quantizer g"*'*2, 11 < vy:
0, if u<uy,
gt (u) =<1, if u>uy,

Oorl, if ue [1/1,112]
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Quantizer @

Parameter «:
Qa(un, un+1) = q(uUn + in41)
Choice o = 1: no multipliers
Proposition
Let Tq, as above and Rq, := [0,1]%. Then Tqo,(Rq,) = Rq,-

Accuracy of multiplier: “a # o

Accuracy of quantizer: flaky bit-quantizer g"*'*2, 11 < vy:
0, if u<uy,
gt (u) =<1, if u>uy,

Oorl, if ue [1/1,112]

Q1 is not robust to flaky g2, because (u,) can get unbounded no matter
how close vy 5 are to 1.
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Quantizer @: Choices o > 1

Proposition

Let 0 < pu < (262 \ﬂqﬁ +2)) ~ 0.10004. Then exists set R,, and ranges of
choices of i, v1,vp such that Tgriva(R,) C Ry + By,

Imagine ugly inequalities for tmin,max, Ymin,max () here.
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Quantizer @: Choices o > 1

Proposition

Let 0 < pu < (262 ﬂqﬁ +2)) ~ 0.10004. Then exists set R,, and ranges of
choices of i, v1,vp such that Tgriva(R,) C Ry + By,

Imagine ugly inequalities for tmin,max, Ymin,max () here.
Additive noise: upyp = tp+ Upt1 — by + €5

Theorem

Let 1, min,max (1) as above. For every oo € (amin(ft), @max(1t)) there exists
v1 < 1o and n > 0 such that GRE with Q;"* is stable for |o/ — a| <17
and €, < L.

Stable encoder = the encoding converges, but the string (b,) need not to
represent x.
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Conclusion

We constructed a A/D encoder with:
@ exponential accuracy

@ robustness with respect to multiplication and quantization
@ the usage of a Golden ratio :-)
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