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(3)-expansions

Positional numeration system with base g > 1.
Greedy (3-expansion of x € R>q for some k € N

x=x8"+ X1+t xaftxo+xa S

with x; € Az ={0,1,...,|B]} and ‘greedy condition’

k
‘X—inﬂi‘ <8 forall k>
/

Notation

(X)ﬂ = Xk Xk—1 """ X1 X0 ¢ X1 X_2X_3"""
integer part fractional part
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Rényi expansion of unity

Beta-transformation

Ts(x) = Bx — [Bx], xe€]0,1)
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Rényi expansion of unity

Beta-transformation

Ts(x) = fBx — [Bx], x€][0,1)

Rényi expansion of 1

ds(1) i= tiato---, =[BT ()]

Proposition (Parry condition)

A word u € A} is the 3-expansion of some x € Rx>q iff
U <jex dg(1) for all u’ suffixes of u.
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Property (F)

Set of finite B-expansions

Fin(B) := {x € R>0 | ()3 = XkXk—1" - X1 X0 e X_1X_2 - - - X_/0“}
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Property (F)

Set of finite B-expansions

Fin(B) := {x € R>0 | (X)3 = XkXk—1" - X1 X0 e X_1X_2 - -

Assume [ algebraic unit
Fin(3) C Z[1/B]>0 = Z[B]>0
B has Property (F) if

Fin(8) = Z[1/8]>0

i.e., Fin(3) closed under arithmetic operations

- x_/0“}
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Basic setting

B > 1 a Pisot number of degree d = r + 2s with min. polynomial

x? = ad,lxdfl + ad,QXdi2 +- -+ a1x+ ag aj €7

Recall

Pisot number: an algebraic integer o > 1 such that all the other
roots of its minimal polynomial (called its conjugates) are in
modulus less than one.
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Basic setting

B > 1 a Pisot number of degree d = r + 2s with min. polynomial
d_ad 1X —i—ad 2xd2+---+alx+ao aj €7
Notation: 5 = (),

BA . N real conjugates of (3
gl . plrt2s) complex conjugates of 3 such that
ﬂ(’ﬂ) = plrtst) for j=1,...,s

For x € Q(f3) denote by xU) its conjugate in Q(5Y)), i.e.,
x=xg-18 T+ xaB+ xo

— xU) = xg_1(BUYI L 4 X 8Y) + xo
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The mapping ¢

Define mapping ® : Q(3) — R71

d(x) = (X(z), ... ,X('),
RO, (DY, R, g(x(rH9)y)
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The mapping ¢

Define mapping ® : Q(3) — RI~!

d(x) = (X(2), ... ,X(r),
RO, (DY, R, g(x(rH9)y)

Proposition
Let 3 be a Pisot number of degree d. Then ®(Z[[]>0) is dense in
RIL, Je,

®(Z[B]30) = R,
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Definition of a tile

Notation

e FrC Ag (countable) set of all fractional parts of x € Z[5]>0
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Definition of a tile

Notation
e FrcC Ag (countable) set of all fractional parts of x € Z[5]>0
e S, :={x € Z[F]>0 | fractional part of (x)s is w}
e obviously Z[B]>0 = Uycpr Sw
o tile T, := ®(S,)

Proposition
Let B be a Pisot number. Then the central tile T = T, is bounded.J

Proof. Any z € S, inspect ®(z) = (¢2(2), ..., ¢4(2))

k k
2= "z7(BY = ¢z sz )Y = |¢i(2)| bounded

=0 j=0
J J ||<1 0
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Properties of tiles, (F) case

Proposition
Let 3 be a Pisot number of degree d with Property (F). Then

RI"L = U Tw.

weFr
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Properties of tiles, (F) case

Proposition
Let 3 be a Pisot number of degree d with Property (F). Then
R = | ] T,
weFr
Proof:
ZIBls0 = | J Sw
weFr
S(Z[B]>0) = | ®(Sw)
weFr

R = S(Z[Fz0) = |J @(Sw)

weFr

12 /26



Properties of tiles, (F) case

Proposition

Let 3 be a Pisot number of degree d with Property (F). Then

== | T

weFr

Proof:
ZIBls0 = | J Sw

weFr

S(Z[B]20) = | ®(Sw)

weFr

— 3(Z[Bz0) = |J *(5w) © | (5)

weFr weFr
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Properties of tiles, (F) case

Proposition
Let 3 be a Pisot number of degree d with Property (F). Then

== | T

e
Proof:
Z[B)0 = WLEJH Sw
O(Z[f]20) = UF (Sw)
= O(Z[Flz0) = UF o(5u) & U o= U T



Properties of tiles, (F) case

Inn(X) = the interior of the set X (the union of all open sets in X)

0(X) = the set of boundary elements of X
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Properties of tiles, (F) case

Inn(X) = the interior of the set X (the union of all open sets in X)
0(X) = the set of boundary elements of X

Proposition

Let 8 be a Pisot unit with (F).
Then for each x € S. we have ®(x) € Inn(T,).

Corollary. For each x € S,, we have ®(x) € Inn(T,).
Moreover, Inn(T,,) = Ty. tiling
Corollary. 9(T,,) is closed and nowhere dense in R9~1.

Proposition

Let 3 be a a Pisot unit with (F), dg(1) = t1---tm—11.
Then each tile T, is arcwise connected.

13 /26



Properties of tiles, non-(F) case

Proposition
Let 8 be a Pisot number of degree d with-Preperty{(F). Then
R = | Tw.
weFr
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Properties of tiles, non-(F) case

Proposition
Let 8 be a Pisot number of degree d with-Preperty{(F). Then
R = | Tw.
weFr

Property (W): For any x € Z[1/3]>0 and € > 0 there exist
y,z € Fin(3) with |z| < € such that x =y — z.

Under the assumption of (W):

@ origin is inner point of | J Ty for finite P

wePp

e T, =Inn(Ty,) for any w € Fr
o 1(A(T,)) =0, where ;1 = p1,_1 Lebesgue measure of R9~!
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Number of tiles

Proposition

Let 3 be a Pisot unit such that dg(1) = t1 - tm(tmy1 - tmip)”
and m, p are minimal possible. Then there are exactly m + p tiles
up to translation.
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Number of tiles

Proposition

Let 3 be a Pisot unit such that dg(1) = t1 - tm(tmy1 - tmip)”
and m, p are minimal possible. Then there are exactly m + p tiles
up to translation.

Proof:
e 7 := set of all suffixes of dg(1), Z necessarily finite

o 2 ={d,...,ds} such that d; <jex diy1, Vi=1,...,0—1
Consider S,, for some w € Fr. If
di <jex w, forsome i, d;i = tgitgr1-"",qi = 2
then for x € Sy, (x)g = XnXn—1- - Xgew we have

Xqi—2Xgqi—3 X0 <lex L1t~ tg—1
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1) Assume dg(1) =ty tm: Y € Zand L =m+ 1.
Subdivide .
Fr=Jo  Qi=Frnld,dia)

fi>2 we Q= d <jexwforVj <.
Any x € Sy, (X)3 = XnXn—1--- X0 w has restrictions on integer
parts by di,...,d;

Xgj—2Xgj—3 X0 <lex t1l2 - tg;—1

Conversely, y such restricted integer part = yew is 3-expansion

Thus

Sw = Sq+valg(w)—valg(d;)) = T, = Tg+P(valg(w)—valg(d;))

16 / 26



Number of tiles
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17 / 26



Number of tiles

2) Assume dg(1) = t1 -« tm(tms1 -« tmp1)“:
0“¢ Zandl=m+I.

Let dy := 0¥ and

m+/-1
Fr=J @ Qi =Frnld,du)

i

The assertion is showed similarly to 1).
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-1 0 1
2x2 + x+1

™
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To1
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2 - 0 1 2
x3=2x2+2x+1

T

T2

To1
Ti1
T21
T02
T12
T22

22 / 26



-3

-4

-5

-7

23 / 26



-3

-4

-6

-4

24 / 26



—

N WA 0O N 0 © O

9

10

11

12

L
13

14

15

25 / 26



References

[§ S.Akiyama and T.Sadahiro, A self-similar tiling generated by
the minimal Pisot number, Acta Math. Info. Univ. Ostraviensis
6 (1998) 9-26

[4 S.Akiyama, Self affine tiling and Pisot numeration system,
‘Number Theory and its Applications’, K. Gyory and S.
Kanemitsu (eds.), Kluwer (1999), 7-17

[§ S. Akiyama, On the boundary of self affine tilings generated by
Pisot numbers, Journal of Math. Soc. Japan 54 (2002),
283-308

26 / 26



	-numeration
	Tiling construction
	Tiling properties
	Examples

