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(β)-expansions

Positional numeration system with base β > 1.

Greedy β-expansion of x ∈ R≥0 for some k ∈ N

x = xkβ
k + xk−1β

x−1 + · · ·+ x1β + x0 + x−1β
−1 + · · ·

with xi ∈ Aβ = {0, 1, . . . , bβc} and ‘greedy condition’

∣∣∣x − k∑
l

xiβ
i
∣∣∣ < βl for all k ≥ l .

Notation

(x)β = xk xk−1 · · · x1 x0︸ ︷︷ ︸
integer part

• x−1 x−2 x−3 · · ·︸ ︷︷ ︸
fractional part
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Rényi expansion of unity

Beta-transformation

Tβ(x) = βx − bβxc, x ∈ [0, 1)

Rényi expansion of 1

dβ(1) := t1t2t2 · · · , tk = bβT k−1
β (1)c .

Proposition (Parry condition)

A word u ∈ A∗β is the β-expansion of some x ∈ R≥0 iff
u′ <lex dβ(1) for all u′ suffixes of u.
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Rényi expansion of unity

Beta-transformation

Tβ(x) = βx − bβxc, x ∈ [0, 1)
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Property (F)

Set of finite β-expansions

Fin(β) := {x ∈ R≥0 | (x)β = xkxk−1 · · · x1x0 •x−1x−2 · · · x−l0
ω}

Assume β algebraic integer

Fin(β) ⊂ Z[1/β]≥0

β has Property (F) if

Fin(β) = Z[1/β]≥0

i.e., Fin(β) closed under arithmetic operations
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Basic setting

β > 1 a Pisot number of degree d = r + 2s with min. polynomial

xd = ad−1xd−1 + ad−2xd−2 + · · ·+ a1x + a0 ai ∈ Z
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β > 1 a Pisot number of degree d = r + 2s with min. polynomial

xd = ad−1xd−1 + ad−2xd−2 + · · ·+ a1x + a0 ai ∈ Z

Recall

Pisot number: an algebraic integer α > 1 such that all the other
roots of its minimal polynomial (called its conjugates) are in
modulus less than one.
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Basic setting

β > 1 a Pisot number of degree d = r + 2s with min. polynomial

xd = ad−1xd−1 + ad−2xd−2 + · · ·+ a1x + a0 ai ∈ Z

Notation: β = β(1),

β(2), . . . , β(r) real conjugates of β

β(r+1), . . . , β(r+2s) complex conjugates of β such that

β(r+j) = β(r+s+j) for j = 1, . . . , s

For x ∈ Q(β) denote by x (j) its conjugate in Q(β(j))
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β(r+1), . . . , β(r+2s) complex conjugates of β such that

β(r+j) = β(r+s+j) for j = 1, . . . , s

For x ∈ Q(β) denote by x (j) its conjugate in Q(β(j)), i.e.,

x = xd−1β
d−1 + · · ·+ x1β + x0 7→

7→ x (j) = xd−1(β(j))d−1 + · · ·+ x1β
(j) + x0
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The mapping Φ

Define mapping Φ : Q(β)→ Rd−1

Φ(x) = (x (2), . . . , x (r),

<(x (r+1)),=(x (r+1)), . . . ,<(x (r+s)),=(x (r+s)))

Proposition

Let β be a Pisot number of degree d. Then Φ(Z[β]≥0) is dense in
Rd−1, i.e.,

Φ(Z[β]≥0) = Rd−1 .
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Definition of a tile

Notation

Fr ⊂ AN
β (countable) set of all fractional parts of x ∈ Z[β]≥0

Sw := {x ∈ Z[β]≥0 | fractional part of (x)β is w}

obviously Z[β]≥0 =
⋃

w∈Fr Sw

tile Tw := Φ(Sw )

Proposition

Let β be a Pisot number. Then the central tile T = Tε is bounded.

Proof. Any z ∈ Sε, inspect Φ(z) = (φ2(z), . . . , φd(z))

z =
k∑

j=0

zj(β)j ⇒ φi (z) =
k∑

j=0

zj (βi )︸︷︷︸
|·|<1

j ⇒ |φi (z)| bounded

2
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Properties of tiles, (F) case

Proposition

Let β be a Pisot number of degree d with Property (F). Then

Rd−1 =
⋃

w∈Fr

Tw .

Proof:

Z[β]≥0 =
⋃

w∈Fr

Sw

Φ(Z[β]≥0) =
⋃

w∈Fr

Φ(Sw )

Rd−1 = Φ(Z[β]≥0) =
⋃

w∈Fr

Φ(Sw )
(F )
=

⋃
w∈Fr

Φ(Sw ) =
⋃

w∈Fr

Tw

2
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Properties of tiles, (F) case

Inn(X ) = the interior of the set X (the union of all open sets in X )

∂(X ) = the set of boundary elements of X

Proposition

Let β be a Pisot unit with (F).
Then for each x ∈ Sε we have Φ(x) ∈ Inn(Tε).

Corollary. For each x ∈ Sw we have Φ(x) ∈ Inn(Tw ).
Moreover, Inn(Tw ) = Tw .

Corollary. ∂(Tw ) is closed and nowhere dense in Rd−1.

 tiling

Proposition

Let β be a a Pisot unit with (F), dβ(1) = t1 · · · tm−11.
Then each tile Tw is arcwise connected.

13 / 26



Properties of tiles, (F) case

Inn(X ) = the interior of the set X (the union of all open sets in X )

∂(X ) = the set of boundary elements of X

Proposition

Let β be a Pisot unit with (F).
Then for each x ∈ Sε we have Φ(x) ∈ Inn(Tε).

Corollary. For each x ∈ Sw we have Φ(x) ∈ Inn(Tw ).
Moreover, Inn(Tw ) = Tw .

Corollary. ∂(Tw ) is closed and nowhere dense in Rd−1.

 tiling

Proposition

Let β be a a Pisot unit with (F), dβ(1) = t1 · · · tm−11.
Then each tile Tw is arcwise connected.

13 / 26



Properties of tiles, (F) case

Inn(X ) = the interior of the set X (the union of all open sets in X )

∂(X ) = the set of boundary elements of X

Proposition

Let β be a Pisot unit with (F).
Then for each x ∈ Sε we have Φ(x) ∈ Inn(Tε).

Corollary. For each x ∈ Sw we have Φ(x) ∈ Inn(Tw ).
Moreover, Inn(Tw ) = Tw .

Corollary. ∂(Tw ) is closed and nowhere dense in Rd−1.

 tiling

Proposition

Let β be a a Pisot unit with (F), dβ(1) = t1 · · · tm−11.
Then each tile Tw is arcwise connected.

13 / 26



Properties of tiles, (F) case

Inn(X ) = the interior of the set X (the union of all open sets in X )

∂(X ) = the set of boundary elements of X

Proposition

Let β be a Pisot unit with (F).
Then for each x ∈ Sε we have Φ(x) ∈ Inn(Tε).

Corollary. For each x ∈ Sw we have Φ(x) ∈ Inn(Tw ).
Moreover, Inn(Tw ) = Tw .

Corollary. ∂(Tw ) is closed and nowhere dense in Rd−1.

 tiling

Proposition

Let β be a a Pisot unit with (F), dβ(1) = t1 · · · tm−11.
Then each tile Tw is arcwise connected.

13 / 26



Properties of tiles, (F) case

Inn(X ) = the interior of the set X (the union of all open sets in X )

∂(X ) = the set of boundary elements of X

Proposition

Let β be a Pisot unit with (F).
Then for each x ∈ Sε we have Φ(x) ∈ Inn(Tε).

Corollary. For each x ∈ Sw we have Φ(x) ∈ Inn(Tw ).
Moreover, Inn(Tw ) = Tw .

Corollary. ∂(Tw ) is closed and nowhere dense in Rd−1.

 tiling

Proposition

Let β be a a Pisot unit with (F), dβ(1) = t1 · · · tm−11.
Then each tile Tw is arcwise connected.

13 / 26



Properties of tiles, (F) case

Inn(X ) = the interior of the set X (the union of all open sets in X )

∂(X ) = the set of boundary elements of X

Proposition

Let β be a Pisot unit with (F).
Then for each x ∈ Sε we have Φ(x) ∈ Inn(Tε).

Corollary. For each x ∈ Sw we have Φ(x) ∈ Inn(Tw ).
Moreover, Inn(Tw ) = Tw .

Corollary. ∂(Tw ) is closed and nowhere dense in Rd−1.

 tiling

Proposition

Let β be a a Pisot unit with (F), dβ(1) = t1 · · · tm−11.
Then each tile Tw is arcwise connected.

13 / 26



Properties of tiles, non-(F) case

Proposition

Let β be a Pisot number of degree d with Property (F). Then

Rd−1 =
⋃

w∈Fr

Tw .

Property (W): For any x ∈ Z[1/β]≥0 and ε > 0 there exist
y , z ∈ Fin(β) with |z | < ε such that x = y − z .

Under the assumption of (W):

origin is inner point of
⋃

w∈P Tw for finite P

Tw = Inn(Tw ) for any w ∈ Fr

µ(∂(Tw )) = 0, where µ = µn−1 Lebesgue measure of Rd−1
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Under the assumption of (W):

origin is inner point of
⋃

w∈P Tw for finite P

Tw = Inn(Tw ) for any w ∈ Fr

µ(∂(Tw )) = 0, where µ = µn−1 Lebesgue measure of Rd−1
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Number of tiles

Proposition

Let β be a Pisot unit such that dβ(1) = t1 · · · tm(tm+1 · · · tm+p)ω

and m, p are minimal possible. Then there are exactly m + p tiles
up to translation.

Proof:

D := set of all suffixes of dβ(1), D necessarily finite

D = {d1, . . . , d`} such that di <lex di+1, ∀i = 1, . . . , `− 1

Consider Sw for some w ∈ Fr. If

di ≤lex w , for some i , di = tqi tqi+1 · · · , qi ≥ 2

then for x ∈ Sw , (x)β = xnxn−1 · · · x0 •w we have

xqi−2xqi−3 · · · x0 <lex t1t2 · · · tqi−1
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Number of tiles

1) Assume dβ(1) = t1 · · · tm: 0ω ∈ D and ` = m + 1.

Subdivide

Fr =
m⋃
i

Qi Qi = Fr ∩ [di , di+1)

If i ≥ 2, w ∈ Qi ⇒ dj ≤lex w for ∀j ≤ i .
Any x ∈ Sw , (x)β = xnxn−1 · · · x0 •w has restrictions on integer
parts by d1, . . . , di

xqj−2xqj−3 · · · x0 <lex t1t2 · · · tqj−1

Conversely, y such restricted integer part ⇒ y •w is β-expansion

Thus

Sw = Sdi
+valβ(w)−valβ(di ) ⇒ Tw = Tdi

+Φ(valβ(w)−valβ(di ))
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Number of tiles

2) Assume dβ(1) = t1 · · · tm(tm+1 · · · tm+l)ω:
0ω /∈ D and ` = m + l .

Let d0 := 0ω and

Fr =
m+l−1⋃

i

Qi Qi = Fr ∩ [di , di+1)

The assertion is showed similarly to 1). 2
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x3 = x2 + x + 1
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x3 = 2x2 + 1
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x3 = 3x2 − 1
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