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Motivation

Theorem

Let u be an infinite recurrent word and such that the frequency of any
factor exists. Then

#{p(e) | e € Lns1(u)} < 3AC(n).
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Motivation

Theorem

Let u be an infinite recurrent word and such that the frequency of any
factor exists. Then

#{p(e) | e € Lns1(u)} < 3AC(n).

Theorem (Balkovd, Pelantova)

Let u be an infinite word whose language is closed under reversal and such
that the frequency of any factor exists. Then

#{ple)le € Lop1(u)} < 2AC(n) + 1.

Question: Is it possible to reduce the upper bound for infinite words
invariant under more symmetries?
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R —
Definitions

o A=1{0,1,... . k—1}
ouc AV N=1{0,1,2,...}
o L,(u) = set of all factors of length n of u

e C(n) =#Ly(u) ... complexity of u

P(n) = #{p € Ly(u)|p palindrome} ... palindromic complexity of u
if w=vjviy1...Viyn—1, we call i an occurrence of w in v
u is recurrent if every factor has co many occurrences in u

w € L(u) is RS if wa and wb € L(u) for a,b € A, a # b (similarly
LS)

w is special if wis RS or LS
w is BS if w is both RS and LS
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-
Rauzy graphs

@ Rauzy graph ', of order n of u is a directed graph whose set of
vertices is L,(u) and set of edges is L£,11(u)

Example
©(0) = 001,¢p(1) =01, u=p(u)=001001010010010100101...

1'1 lO T, JlO lOlﬂ
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-
Reduced Rauzy graphs

@ a factor e is a simple path of order n if it starts and ends in a special
factor of length n and no other factors of e are special

o reduced Rauzy graph I, of u (of order n) is a directed graph whose
set of vertices is formed by LS and RS factors of £,(u) and whose set
of edges consists of simple paths
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-
Factor frequency

#{occurrences of w in v}

w) = lim
p(w) |v|—o0,vEL(U) [v|
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Factor frequency

: #{occurrences of w in v}
p(w) = lim
|v|—o0,veL(u) |V‘

Theorem (Kirchhoff's law)

Consider T, of u with existing frequencies. Denote E (E’) the set of edges
starting (ending) in the vertex w, then

d_ple)=pw)= 3 ple).

ecE e'cE’
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Factor frequency

: #{occurrences of w in v}
p(w) = lim
|v|—o0,veL(u) |V‘

Theorem (Kirchhoff's law)

Consider T, of u with existing frequencies. Denote E (E’) the set of edges
starting (ending) in the vertex w, then

d_ple)=pw)= 3 ple).

ecE e'cE’

Corollary
e Ifw is not RS, then p(w) = p(wa).
o {p(e)|e edge in T,} = {p(e)|e edge in [ ,}.
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Sturmian words

Definition
Let u € AN satisfy C(n) = n+ 1 for all n € N. Then u is called Sturmian.
(Necessarily A = {0,1}.)

L(u) contains one RS and one LS factor of every length = reduced Rauzy
graphs have either two or three edges

o
0 =0
(o)

Berthé described for every n the set of frequencies of factors of length n.
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Rough upper bound

Theorem (Boshernitzan)

Let u be an infinite recurrent word and such that the frequency of any
factor exists. Then

#{p(e) | e € Lny1(u)} < 3AC(n).
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Rough upper bound

Theorem (Boshernitzan)

Let u be an infinite recurrent word and such that the frequency of any
factor exists. Then

#{p(e) | e € Lny1(u)} < 3AC(n).

Proof
#{p(e) | e € Lny1(u)} < #{e|eedgein Fo)

#{e | eedgeini,} = Z #Rext(w)

w vertex in '

> #Rext(w)= > (#Rext(w)-1)+ > 1

w vertex in [, w vertex in [ w vertex in I,
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-
Symmetries preserving frequency

Y A* - A* is called a symmetry if:
@ V is a bijection,
@ forall w,v e A*

#{occurrences of w in v} = #{occurrences of V(w) in V(v)}.
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-
Symmetries preserving frequency

v A* — A* is called a symmetry if:
@ V is a bijection,
@ forall w,v e A*

#{occurrences of w in v} = #{occurrences of V(w) in V(v)}.

Proposition

W js a letter permutation extended to a morphism or antimorphism.

Corollary

Let L(u) be closed under a symmetry V. For all w in L(u) whose
frequency exists
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-
Properties of symmetry

Let u be closed under a finite group G of symmetries containing an
antimorphism. Then

© G has an even number of elements

@ if w contains all letters, then

@ for any distinct antimorphisms 01,6, € G, we have 01(w) # 02(w),
@ for any distinct morphisms 1, 0> € G, we have p1(w) # a(w)

@ if w is a #-palindrome, then 6 is an involutive antimorphism
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-
Reduced Rauzy graphs for “symmetric” words

@ if there is an edge e in fn

o between vertices w and 6(w), then there are #G /2 distinct edges
labeled p(e)
e otherwise, there are #G distinct edges labeled p(e)

L. Balkovd (CVUT FJFI) Frekvence a symetrie kvéten 2011 11 /14



-
Reduced Rauzy graphs for “symmetric” words

@ if there is an edge e in fn
o between vertices w and 6(w), then there are #G /2 distinct edges
labeled p(e)
e otherwise, there are #G distinct edges labeled p(e)
@ if an edge e in the reduced Rauzy graph [, is mapped by 6 onto
itself, then e has a #-palindrome of length either n or n+ 1 as its
central factor
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-
Reduced Rauzy graphs for “symmetric” words

@ if there is an edge e in fn
o between vertices w and 6(w), then there are #G /2 distinct edges
labeled p(e)
e otherwise, there are #G distinct edges labeled p(e)
@ if an edge e in the reduced Rauzy graph [, is mapped by 6 onto
itself, then e has a #-palindrome of length either n or n+ 1 as its
central factor

© every f-palindrome of length n+ 1 is the central factor of an edge in
I, mapped by 6 onto itself

@ every f-palindrome of length n is either the central factor of an edge
mapped by 6 onto itself or is a vertex
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Factor versus #-palindromic complexity

Theorem (Pelantova, Starosta)

Let G be a finite group of symmetries containing an antimorphism and let
u be a uniformly recurrent infinite word whose language is invariant under
all elements of G. Then there exists N € N such that

AC(n) + #G =Y (Po(n) + Po(n+1)) foralln>N.
0eG
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Main theorem

Theorem

Let G be a finite group of symmetries containing an antimorphism and let
u be a uniformly recurrent infinite word whose language is invariant under
all elements of G and such that the frequency of any factor exists. Then
there exists N € N such that

1

#olelle€ Lon() < g

<4AC(n) + #G) for all n > N.
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]
Proof

Any element of G maps F,, onto itself.
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Proof
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Proof

Any element of G maps f,, onto itself.

3AC(n) > #{e| eedgeinl,} =A+B,

A = number of edges mapped onto themselves by some W € G,
B = number of edges not mapped onto themselves by any W € G.

1
A < 9262739 )+ Po(n+1)) < #G<4AC()+#G).
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Proof

Any element of G maps f,, onto itself.

3AC(n) > #{e| eedgeinl,} =A+B,

A = number of edges mapped onto themselves by some W € G,
B = number of edges not mapped onto themselves by any W € G.

A < ZPQ )+ Po(n+1)) < 1 <4AC()+#G).

0eG #G
#{p(e)| e € Lpi1(u)} < FA+EB = LA+ E(A+B),
where #G = 2k.
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